The primary goal of this paper is to verify the Hodge conjecture for certain moduli spaces of sheaves over curves and surfaces. When X is a smooth projective curve, let U X (n, d) be the moduli space of stable vector bundles of rank n and degree d. If n and d are coprime, this space is known to be smooth and projective. Under this assumption, we show that the conjecture holds for it if it holds for all powers of the Jacobian J(X). From this, it is easy to recover a result of Biswas and Narasimhan [BN] that the Hodge conjecture is valid for U X (n, d) when X is very general in moduli. At the opposite extreme, by combining this result with work of Shioda [Sh], we can deduce the conjecture for U X (n, d) when X is very special, namely a Fermat curve of low or prime degree. When X is a smooth projective surface, we have some positive results for moduli spaces of vector bundles along the previous lines when X is ruled, but most of our attention is devoted to the moduli space of ideals, i.e. the Hilbert scheme. Let X [n] denote the Hilbert scheme of 0-dimensional subschemes of X of degree n. We show that the Hodge conjecture holds for X [n] if it holds for all powers of X k with k ≤ n. As a corollary, we show that the conjecture holds for the Hilbert scheme when X is an abelian or Kummer surface.
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Basic tools
Given a rational Hodge structure H of weight 2p, let H hodge denote the intersection of H pp with the rational lattice. If X is a smooth projective variety, let H * alg (X) denote the set of cohomology classes of algebraic cycles. We always have an inclusion H * alg (X) ⊂ H * hodge (X); the Hodge conjecture asserts the converse. Standard arguments show that Proof. The lemma implies that any Hodge cycle α ∈ H 2j (Y ) can be lifted to a Hodge cycle β ∈ H 2i (X). The hypothesis implies that β is algebraic, therefore the same is true of α.
Next we want to reduce the problem of checking the Hodge conjecture on a stratified variety to checking it for the strata. This forces us to deal with Hodge cycles on arbitrary quasiprojective varieties. We recall the formulation of these notions due Jannsen [J] . The appropriate setting for this is homology. For our purposes the Borel-Moore homology H i (U ) of complex algebraic variety U can be taken to be the dual to the compactly supported cohomology H i c (U ). Then H i (U ) carries a mixed Hodge structure dual to the one on H i c (U ) constructed by Deligne [D1] . From this it follows easily that the weights of H i (U ) are concentrated in the interval [−i, 0] . We define the space of Hodge cycles in H 2i (U ) to be H hodge 2i (U ) = Hom(Q(i), H 2i (U )) = Hom(Q(i), W −2i H 2i (U ))
Given a closed irreducible i-dimensional subvariety V ⊂ U , there is a fundamental class [V ] (U ). For compatibility with the previous notions, note that when U is a smooth of dimension n, algebraic and Hodge cycles can be regarded as elements of cohomology via the Poincaré duality isomorphism H i (U ) ∼ = H 2n−i (U )(−n). Jannsen (see [J, 7.9 ] and the preceding arguments) proves: Proposition 1.5. If X is a desingularization of a compactification of a quasiprojective variety U such that H Lemma 1.6. Let Z ⊂ X be a closed subset of a projective variety X, and let U = X − Z. If all Hodge cycles in H 2k (U ) and H 2k (Z) are algebraic, then all Hodge cycles in H 2k (X) are algebraic.
Proof. The long exact sequence for the pair (X, Z) and the isomorphism to H * c (U ) ∼ = H * (X, Z) leads to a exact sequence of polarizable mixed Hodge structures Z) . Dualizing shows that the standard sequence
is compatible with mixed Hodge structures. Since H → W * H is exact on the category of mixed Hodge structures [D1] , we get an exact sequence of pure polarizable Hodge structures
is exact. The hypothesis implies that for any Hodge class α on X, g(α) = r i [V i ] for some subvarieties V i ⊂ U and r i ∈ Q. Then the Hodge cycle α − r i [V i ] lies in the kernel of g; thus it be written as f (β) where β is a Hodge, and therefore algebraic, cycle on Z.
By a stratification of an algebraic variety X, we will mean a finite partition X = ∪X i into locally closed sets, called strata, such that closure of any stratum is a union of strata.
Corollary 1.7. Suppose that X is a projective variety. If X has a stratification such that each stratum satisfies the Hodge conjecture, then X satisfies the Hodge conjecture.
Proof. Since a stratum of minimal dimension is closed, the result follows by induction on the number of strata. 
is type (−k, −k), then the α l are all of type (−i, −i). Therefore α l are algebraic, thus the same goes for γ.
Lemma 1.9. Let f : X → Y be a morphism of smooth varieties which is a (Zariski) locally trivial fiber bundle with fiber F . Suppose that F is smooth and that H * (F ) is spanned by algebraic cycles. Then the Hodge conjecture holds for X if it holds for Y .
Proof. The argument is similar to the proof of the previous lemma, however we will work in cohomology. This is justified by the fact that our spaces are smooth. Let β ′ l be algebraic cycles in F whose fundamental classes give a basis for H * (F ). Choose a Zariski open set U ⊂ Y such that f −1 U → U is a product. Let β l be the fundamental classes of the closures in X of the pullbacks of the β ′ l to U . These classes define a splitting of the restriction H * (X) → H * (F ), so we can apply the Leray-Hirsch theorem [Sp, p. 258 ] to obtain a decomposition
The rest of proof proceeds exactly as before.
Remark 1.10. A variety has a cellular decomposition if it has a stratification such that the strata are affine spaces. If F has a cellular decomposition, then it satisfies the hypothesis of the lemma [F1, 19.1.11] . Flag manifolds and nonsingular projective toric varieties have cellular decompositions.
We need a variation on corollary 1.4. Lemma 1.11. Suppose that f : X → Y is a proper morphism of varieties such that f * : H 2k (X) → H 2k (Y ) is surjective. If all Hodge cycles in H 2k (X) are algebraic, the same holds for H 2k (Y ).
Proof. As in the proof of lemma 1.6, we get a surjection of pure polarizable Hodge structures W −2k H 2k (X) → W −2k H 2k (Y ). Consequently, lemma 1.3 implies that a Hodge cycle on Y can be lifted to Hodge, and therefore algebraic, cycle on X. It follows that the original cycle is algebraic.
We will give a simple criterion for surjectivity of f * . Recall that a locally compact Hausdorff space X is a rational homology manifold of (real) dimension n if for each x ∈ X, the rational homology groups
For such a space the groups H n (X, X − {x}) form a local system as x varies. The space is orientable if this local system is constant. A variety which is a rational homology manifold is orientable. Orientable rational homology manifolds satisfy Poincaré duality with rational coefficients. The most interesting examples of such spaces for us are varieties with at worst finite quotient singularities.
Lemma 1.12. If f : X → Y is a proper surjective map of quasiprojective varieties such that Y is also a rational homology manifold, then f * :
Remark 1.13. The properness is necessary to insure that f * is defined.
Proof. Suppose that X is smooth and that dimX = dimY . Then Poincaré duality gives a map f * : H * (Y ) → H * (X) such that f * f * = deg(f ), and this implies surjectivity of f * .
In general, an intersection of a finite number of very ample divisors will produce a subvariety X ′ ⊆ X such that dimX ′ = dimX and f | X ′ is surjective. Let X ′′ → X be a desingularization, and let g : X ′′ → Y be the natural map. Then g * is surjective as above, but it factors through f * , so we are done.
Corollary 1.14. With the notation of the lemma, if X satisfies the Hodge conjecture then so does Y .
Some simple examples
As a warm up, let us work out some examples to illustrate the previous techniques.
Lemma 2.1. Let X be a smooth projective variety, and let V ⊂ X be a smooth closed subvariety. If the X and V satisfy the Hodge conjecture, then so does the blow up π :X → X of X along V .
Proof. Let U = X − V and let E = π −1 V . E → V is a locally trivial bundle with projective spaces as fibers. Therefore E satisfies the Hodge conjecture by lemma 1.9. U satisfies the conjecture by proposition 1.5. Therefore, we are done by lemma 1.6. Proof. Suppose that X satisfies the Hodge conjecture. It is well known that the Hodge conjecture holds in dimensions up to 3 (by the Lefschetz (1, 1) and hard Lefschetz theorems). Thus the conjecture holds for a single blow up of X, since the center has dimension ≤ 3. By iteration, the same goes for any X ′′ → X given by a sequence of blow ups. Since any X ′ birational to X is dominated by such an X ′′ , the result follows by corollary 1.14.
Lemma 2.3 (Conte-Murre [CN] ). A projective uniruled 4-fold satisfies the Hodge conjecture.
Proof. Suppose X is a projective uniruled 4-fold. Then any desingularization is also uniruled. Therefore we can assume that X is smooth by proposition 1.5. There exists a surjective map X ′ → X where X ′ is a smooth projective variety birational to the product of P 1 and a smooth threefold. Therefore X ′ satisfies the Hodge conjecture by lemma 1.9 and corollary 2.2. Consequently the conjecture holds for X by corollary 1.14.
Lemma 2.4. Suppose X is a smooth projective variety with an algebraic C * action. X satisfies the Hodge conjecture if the components of the fixed point locus X C * satisfies it.
Proof. By a theorem of Bialynicki-Birula [BB] , X has a stratification such that the strata are vector bundles over components of the fixed point locus. The result follows from corollary 1.7 and lemma 1.9.
Corollary 2.5. The Hodge conjecture holds if dimX C * ≤ 3.
When the fixed points are isolated, Bialynicki-Birula's decomposition is a cellular decomposition, so all the cohomology is algebraic.
Hodge conjecture for products
In this section, we give some criteria for the Hodge conjecture to hold for a power or self product of a variety X. The basic tool for this is the Hodge group or special Mumford-Tate group. We summarize the definition and their key properties and refer to [DMOS, I, sect. 3] for details. Any real Hodge structure H has an action of C * (viewed as a real group). Given a rational Hodge structure H, Hdg(H) is the smallest Q-algebraic subgroup of GL(H) whose real points contain the image of U (1) ∈ GL(H ⊗ R). The key property which makes this notion useful is that the Hdg(H) invariant tensors in H ⊗n are exactly the Hodge cycles in this space When H has a polarization ψ (which is a symmetric or alternating form or according to the weight), then Hdg(H) is reductive subgroup of SO(ψ) or Sp(ψ).
The best understood (nontrivial) case is that of an abelian variety X. We refer the reader to the survey articles [Grd, Mu2] for further details and references. In this case, let Hdg(X) = Hdg(H 1 (X)). Given a polarization ψ of X, the Lefschetz group Lef (X), is the centralizer of End(X) ⊗ Q in Sp(H 1 (X), ψ). The Lefschetz group turns out to be independent of the polarization, and it always contains the Hodge group.
Theorem 3.1 (Hazama, Murty, Ribet) . If X is an abelian variety, then Hdg(X) = Lef (X) if and only all Hodge classes on all powers of X are products of divisor classes. In particular, equality of these groups implies that the Hodge conjecture holds for all powers of X.
There are a number of interesting cases where these conditions are satisfied. Hdg(X) = Lef (X) when:
1. X is a simple abelian variety with dim X prime (see Ribet [R] ), 2. E = End(X) ⊗ Q is a totally real number field such that dimX/[E : Q] is odd (loc. cit.), 3. E is a CM field such that dimX/[E : Q] is prime (loc. cit.) 4. X is isogenous to a product of elliptic curves (see Murty [Mu1] ), 5. X is the Jacobian of a very general curve (corollary 3.7), 6. X is a very general abelian variety. (This essentially goes back to Mattuck; a proof can be given along the lines of that of corollary 3.7.)
Corollary 3.2. The Hodge conjecture holds for all powers of X, provided that it is on the above list.
Another class of examples where the conclusion of the corollary is known, even though the Lefschetz and Hodge groups may differ, comes from the work of Shioda [Sh] . Proof. This is an immediate consequence of [Sh, 4.4] .
The corresponding results for curves follows from:
Proposition 3.4. The Hodge conjecture holds for all powers of a smooth projective curve X if and only if it holds for all powers of its Jacobian J(X).
Proof. Suppose that the Hodge conjecture holds for J(X) k . Choose a base point on X, and let α : X → J(X) be the corresponding Abel-Jacobi map. Then α * : H * (J(X)) → H * (X) is a surjection. The Künneth formula implies that the induced map α k : X k → J(X) k also induces a surjection on cohomology. Therefore the Hodge conjecture holds for X k by corollary 1.4.
Let g be the genus of X. Consider the map β :
Define Hdg(X) = Hdg(J(X)) and Lef (X) = Lef (J(X)). Then:
Corollary 3.5. If Hdg(X) = Lef (X) or if X is Fermat of degree m ≤ 20 or a prime, then the Hodge conjecture holds for all powers of X.
The characterization of Mumford-Tate groups [DMOS, p. 43] together with [D2, 7.5 ] (see also [Sc, 
]) yields:
Lemma 3.6. Given a polarized integral variation of Hodge structure V over a smooth irreducible complex variety T , there exists a countable union of proper analytic subvarieties S ⊂ T such that Hdg
Corollary 3.7. If X is very general in the moduli space of curves, then the Hodge conjecture holds for all powers of X.
Proof. Choose n ≥ 3 and let M g,n be the fine moduli space of smooth projective curves of genus g with level n structure [MF] . Let π : X → M g,n be the universal curve. Lemma 3.6 applied to R 1 π * Z shows that there exist a countable union of proper subvarieties S ′ ⊂ M g,n (C) such that a finite index subgroup of the monodromy group (C) . By Teichmuller theory, any finite index subgroup of Γ is seen to be Zariski dense in the symplectic group. Hence the Hodge group contains the symplectic group whenever t / ∈ S. But this forces Hdg(X t ) = Lef (X t ). Proof. a) Note that it is enough to prove the conjecture for X n . We begin with two special cases. First, consider the case where Y → X is a surjective morphism. Then Y n → X n is also surjective, so the result follows from corollary 1.14.
Next suppose that X is given by a sequence of blow ups of Y . Then it is enough to treat the case where X is the blow up of Y at one point p ∈ Y . Let E be the exceptional divisor in X, and U = X − E ∼ = Y − {p}. Then X n has a stratification where the strata consists of products of U and E. Each stratum is isomorphic to an open subset of a product of a power of Y and a power of P 1 . It follows from lemma 1.9 and proposition 1.5 that the Hodge conjecture holds for the strata. It therefore holds for X n by lemma 1.6.
The general case now follows because any dominant rational map Y X can be factored as a Y ← Z → X where the first map is given a by sequence of blow ups and the second map is a surjective morphism. b) By a), we can assume that X = P 2 . The statement is clear since X n has a cellular decomposition. c) By a), we can assume that X is minimal. The statement follows from lemma 1.9 and corollary 3.5. d) X is either simple or isogenous to a product of two elliptic curves. So the result follows from corollary 3.2. e) By assumption, there is is a dominant rational map A X. Then the result follows from a) and e) Finally, we give some criteria for the Hodge conjecture to hold when the Hodge group is large.
Theorem 3.9. Suppose that Y is a smooth projective variety such that d = dim Y is odd and
) coincides with the symplectic group Sp (H d (Y ) ) with respect to the cup product. Then the Hodge conjecture holds for all powers of Y .
A somewhat weaker analogue can be proven for even dimensional varieties.
Theorem 3.10. Suppose that Y is a smooth projective variety such that d = dim Y is even and
Then the Hodge conjecture holds for all powers Y n , with n < dim E.
The proof of these theorems is an exercise in invariant theory. Let V be a finite dimensional vector space over a field of characteristic 0 with a nondegenerate alternating or symmetric bilinear form ψ. Let A = Sp (V, ψ) in case ψ is alternating, otherwise let A = SO (V, ψ) . The form induces an isomorphism V ∼ = V * as A modules. Therefore ψ can be regarded as a tensor in V ⊗ V which is invariant under the A. Thus ψ n = ψ ⊗ ψ ⊗ . . . ψ gives and A-invariant element of V ⊗2n . The symmetric group S N acts on V ⊗N by permuting factors, and this action commutes with the A action. Thus σψ n gives an A-invariant tensor for each permutation σ.
Lemma 3.11 (Weyl). Suppose that n is nonnegative integer satisfying 2n + 1 < dim V when ψ is symmetric (no restrictions otherwise), then (V ⊗2n+1 
Proof. See [FH, F.13, F.15] Remark 3.12. The restriction is necessary when ψ is symmetric, because the determinant gives an additional
Proof of Theorems 3.9 and 3.10. The proofs of both theorems will run mostly in parallel with occasional branching. In the case of theorem 3.10 we can assume that dim E > 1, otherwise the theorem is vacuous. Since E can be identified with H d (Y )/I, it carries a natural Hodge structure. Set V = H d (Y ). If d is odd, let ψ denote the cup product form on V , and let A = Sp (V, ψ) . If d is even, let ψ denote the restriction of the cup product form to E, and let A = SO(E, ψ). By hypothesis Hdg(V ) contains A. Therefore, the Hodge cycles in V ⊗i (j) are A-invariant. Since E is irreducible and nontrivial, this proves theorem 3.10 for the first power Y 1 .
We will show that the class ψ is represented by an algebraic cycle on Y × Y . In this paragraph we treat the case where d is odd. By Künneth's formula we have
Then by the first two assumptions of theorem 3.9, W ⊂ H 2d alg (Y × Y ). In particular, the sum ∆ ′ of the Künneth components of the diagonal ∆ in W is algebraic. By lemma 3.11, [V ⊗ V ] A is one dimensional. Therefore it must be spanned by ∆ − ∆ ′ . In particular, the form ψ in V ⊗ V is algebraic. Now suppose d is even and dim E ≥ 2. We decompose
isomorphic to a sum of copies of Tate twists of E. Therefore, for example by lemma 3.11, V A 1 = 0. This implies that the components of ∆ in V 1 are 0. We have W ⊕ V 2 ⊂ H 2d alg (Y × Y ), therefore the sum ∆ ′ of the components of ∆ in W ⊕ V 2 is algebraic. By lemma 3.11, [E ⊗ E] A is one dimensional. Therefore ∆ − ∆ ′ spans it, and this proves algebraicity of ψ in this case.
Let m > 0 further satisfying m < dim E when d is even. The symmetric group S m acts on Y m by permuting factors, and it preserves the space of algebraic and Hodge cycles. The Künneth decomposition can be written as
where each i k = d, dj = i − i k and σ ranges over a set of permutations. When d is even, we refine this further as
for an appropriate set of indices. By our assumptions, we can choose bases {γ (i k ) l } for the groups H i k (Y ) (and {γ ′ l } for I if d is even) consisting of algebraic cycles. Then, we have
if d is even, where Γ ranges over products of the γ's (and γ ′ 's). A Hodge cycle on Y m can be decomposed into a sum of Hodge cycles from each of the above summands.
As an abstract Hodge structure each of these summands is isomorphic to a Tate twist of H d (Y ) ⊗j or E ⊗j . As already noted the Hodge cycles here are A-invariant. By lemma 3.11, the A-invariant classes are spanned by images of ψ × ψ × . . . ψ under the symmetric group S j if j is even and 0 otherwise. These elements are algebraic by the previous paragraph. Therefore, the space of Hodge cycles on Y m are spanned by algebraic cycles.
Corollary 3.13. Suppose that Z ⊆ P N is an even dimensional smooth projective variety with a cellular decomposition. If H is a sufficiently general hyperplane section of Z, then the Hodge conjecture holds for all powers of H.
The precise meaning of "sufficiently general" above is the following: For any Lefschetz pencil Y → P 1 of hyperplane sections of Z, H can be taken to be Y t for all but countably many t ∈ P 1 (C).
Proof. Let dimZ = d + 1. Conditions 1 and 2 of theorem 3.9 hold for any smooth hyperplane section by the weak Lefschetz theorem (i < d) and the hard Lefschetz theorem (i > d). Suppose that Y → P 1 is a Lefschetz pencil, and let U ⊂ P 1 be the complement of the set of critical values. Then for any smooth fiber Y t ,
where E is the subspace generated by vanishing cycles [K, 5.5 ]. Since the orthogonal complement E ⊥ = 0, we can apply the Kazhdan-Margulis theorem [D3] to see that the image of the monodromy representation π 1 (U, t) → GL(H d (Y t )) is Zariski dense in Sp (H d (Y t ) ). Then by lemma 3.6 there exists a countable set S such that if t / ∈ S then Y t satisfies the third condition of theorem 3.9.
It is possible to prove a much weaker statement when dim Z is odd.
Corollary 3.14. Suppose that Z ⊆ P N is a smooth projective variety with a cellular decomposition such that d = dimZ−1 is even. Given m 0 > 0, there exists an integer n 0 and such that if H is a sufficiently general hypersurface section of Z of degree n ≥ n 0 , then the Hodge conjecture holds for all powers of H m with m < m 0 .
Proof. Let b i (X) denote the ith Betti number of a space X. We will prove that there exists an n 1 such that the Hodge conjecture holds for H m whenever n ≥ n 1 and m < b d (H) − b d (Z). Since b d (H) is a nonconstant polynomial in n, this implies the corollary. The proof of the previous statement is very similar to that of corollary 3.13. Suppose that Y → P 1 is a Lefschetz pencil of hypersurfaces of degree n, and let U ⊂ P 1 be the complement of the set of critical values. Then for any smooth fiber Y t , there is an orthogonal decomposition H d (Y t ) = H d (Z) ⊕ E where E is the subspace generated by vanishing cycles [K, 5.5 ]. The monodromy representation π 1 (U, t) → GL(E) is dense in SO(E) for n greater than or equal to some n 1 > 0 by [V, thm B] . Then by lemma 3.6 there exists a countable set S such that if t / ∈ S then Y t satisfies the third condition of theorem 3.10, and the first two conditions are automatic.
Moduli of sheaves over curves and surfaces
When X is a smooth projective curve, let U X (n, d) be the moduli space of semistable bundles on X of rank n and degree d. It is smooth and projective if n and d are coprime.
Theorem 4.1. Let X be a smooth projective curve and M = U X (n, d) with n and d coprime. If the Hodge conjecture holds for all powers X k with k ≤ dim M , then the Hodge conjecture holds for M .
Proof. Let E be a Poincaré bundle on X × M . The Chern classes give correspondences c i (E) ∈ H 2i alg (X × M ). More generally, by taking exterior products, we get correspondences c i1 (E) × . . . c in (E) on X n × M n . These can be pulled back along the diagonal map M ֒→ M n to get correspondences
which induce morphisms (as in corollary 1.2)
be the sum of the C I maps as I = (i 1 , . . . i n ) varies over all finite sequences with i j ≤ i/2 and i j > 0. A theorem of Atiyah and Bott [AB, 9.11] implies that these morphisms are surjective. Therefore corollary 1.4 finishes the proof.
Corollary 4.2. If X is 1. very general in the moduli space of curves (Biswas-Narasimhan [BN] ), 2. a curve of genus 2, 3. a curve of prime genus without any maps to irrational curves of smaller genus, or 4. a Fermat curve x m + y m + z m = 0 with m prime or less than 21, then the Hodge conjecture holds for M (as above).
Proof. These follow from the results of section 3. For the second case, the Jacobian is either simple or isogenous to a product of elliptic curves. For the third case, the Jacobian is simple of prime dimension.
For surfaces the analogous results are harder. We will concentrate mainly on the moduli space of ideals of zero dimensional subschemes, i.e. the Hilbert scheme of points. We review some basic facts about these spaces; further details can be found in [G] . Let X be a smooth projective variety. For each integer n > 0, let X (n) = S n X be the nth symmetric power, and let X [n] be the Hilbert scheme of zero dimensional subschemes of X of length n. There are canonical morphisms p : X n → X (n) and ψ : X
red → X (n) . The map ψ, called the Hilbert-Chow morphism, is birational. Theorem 4.3 (Forgarty). If dim X = 2, then X [n] is smooth (and projective) for each n. It follows that ψ : X [n] → X (n) is a resolution of singularities.
These spaces have a natural stratification. Given a partition λ = (n 1 , n 2 , . . . n k ) of n (i.e. a nonstrictly decreasing sequence of positive integers summing to n), let
λ . These are locally closed subsets of X (n) and X [n] which will be regarded as subschemes with reduced structure. The scheme X [n] (n) parameterizes 0-dimensional subschemes with support at a single point. There is a morphism π n : X [n] (n) → X which sends a subscheme to its support.
Lemma 4.4. ( [G, 2.1.4, 2.2.4] ) π n is a locally trivial fiber bundle. When dimX = 2, the fiber is smooth, projective and has an cellular decomposition.
Let U k ⊂ X k be the open subset of k-tuples with distinct components. For a partition λ = (n 1 , . . . n k ) of n, define
λ is a quotient of X <n> λ by a finite group.
Theorem 4.6. Let X be a smooth projective surface such that all powers X k , with k ≤ n, satisfy the Hodge conjecture. Then X [n] satisfies the Hodge conjecture.
Proof. Let λ = (n 1 , . . . n k ) be a partition of n. By lemma 4.4, the π ni are locally trivial fiber bundles such that the fibers are smooth and projective with cellular decompositions. Therefore X [ni] (ni) is a fiber bundle over X k with these properties. Then lemma 1.9 and remark 1.10 imply that X [ni] (ni) satisfies the Hodge conjecture. Since X <n> λ is an open subset of this space, it also satisfies the Hodge conjecture by proposition 1.5.
Lemma 4.5 implies that X Proof. This follows from corollary 3.14.
It is possible to prove a stronger result for ruled surfaces. Given a smooth projective surface X with a fixed polarization H and elements r ∈ N, c i ∈ H 2i (X, Z). Let M s X (r, c 1 , c 2 , H) be the moduli space of H-stable torsion free sheaves on X of rank r with Chern classes given by c i [Ma] .
Theorem 4.9. Let X be a smooth projective surface. Suppose that H is an ample divisor satisfying −K X .H < 0, and that r, c 1 and c 2 are chosen so that r, c 1 .H and 1 2 c 1 · (c 1 − K X ) − c 2 are relatively prime. Then M = M s X (r, c 1 , c 2 , H) is smooth projective and satisfies the Hodge conjecture if X is either 1. rational or 2. minimal ruled over a curve C such that C k satisfies the Hodge conjecture for all k ≤ dim M .
Proof. By proposition 3.8, X k satisfies the Hodge conjecture for all k ≤ dim M . The rest of the argument is essentially a reprise of the proof of theorem 4.1. Under the above hypotheses, Maruyama [Ma] has shown that M is smooth and projective and that there is a Poincaré sheaf E on X ×M . The monomials in the Chern classes of E defines a map AB :
as in the proof of proof of theorem 4.1. Maruyama [loc. cit.] also shows Ext 2 X (E 1 , E 2 ) = 0 for any two sheaves in M . Therefore, Beauville's theorem [Be2] applies to show that H * (M ) is generated by the Künneth components of c i (E) as an algebra. It follows that AB is surjective, so the theorem follows from corollary 1.4.
Arithmetic analogues
Let k be a field with separable closurek and Galois group G = Gal(k/k). Choose a prime l = char k. Given a variety X defined over k, letX = X × speck speck. Then H i et (X, Q l ) is a Q l -vector space with a continuous G-action. When X is smooth and projective we refer to an invariant in H 2i et (X, Q l (i)) G as a Tate cycle. The fundamental class of a subvariety defined over k is a Tate cycle. If k is finitely generated over its prime field, the Tate conjecture [T1] claims conversely that the space of Tate cycles is spanned by these fundamental classes. This can be viewed as an analogue of the Hodge conjecture. To make this analogy clearer, note that the space of Hodge cycles on the 2ith cohomology of a complex smooth projective variety is isomorphic to Hom MHS (Q, H 2i (X, Q(i))). Similarly the space of Tate cycles is Hom G (Q l , H 2i et (X, Q l (i))). Deligne [DMOS, I] has proposed a variant of the Hodge conjecture that says roughly that the property of being a Hodge cycle should be invariant under the automorphism group of C. Suppose that k is an algebraically closed field of characteristic 0 and cardinality less than or equal to 2 ℵ0 . For any embedding σ : k → C (which exists) there is a comparison isomorphism
An element of the left hand side will be called σ-Hodge if it corresponds to a Hodge cycle under this isomorphism. The element is absolute Hodge if it is σ-Hodge with respect to every embedding. An algebraic cycle defined over k is an example of an absolute Hodge cycle. For many arguments, this notion provides a reasonable substitute for algebraicity. Deligne's conjecture, which we will refer to as the absoluteness conjecture, is that a class is absolute Hodge if it is σ-Hodge for at least one embedding. This would follow from the Hodge conjecture. Note that the formulation of the absoluteness conjecture given here is equivalent, although not identical, to the the original one which uses the product of all the l-adic and De Rham cohomologies.
We need the analogues of the results of section 1. In order to keep the statements readable, the necessary hypotheses about the field will be left implicit in the phrase "the Tate (or absoluteness conjecture) holds for..."
Lemma 5.1. Let X and Y be smooth projective k-varieties and suppose that f :
is a surjective morphism induced by a correspondence defined over k. If the Tate conjecture holds for X and if in addition char k = 0 or H * (X) is semisimple, then the conjecture holds for Y . If the absoluteness conjecture holds for X, then it holds for Y .
Proof. If the map f : H * (X) → H * (Ȳ ) of Galois modules splits, then any Tate cycle α in H * (Ȳ ) can be lifted to a Tate cycle β in H * (X). Then β would be algebraic if Tate's conjecture held for X; the same would hold for α. The splitting of f is immediate when H * (X) is semisimple. When char k = 0, the splitting follows from [J, 1.2] .
Similarly by corollary 1.4, a σ-Hodge cycle α in H * (Ȳ ) can be lifted to a σ-Hodge cycle β in H * (X). Assuming the absoluteness conjecture for X, β and hence α would necessarily be an absolute Hodge cycle.
Remark 5.2. It is a conjectured that H * (X) is always semisimple. However this has been established in only very special cases [Fa, T2, Z] .
Jannsen [J, 7.3] has also formulated a version of Tate's conjecture for singular quasiprojective varieties using Borel-Mooreétale homology which can be defined as dual to compactly supportedétale cohomology as before. Given such a variety X, the fundamental class of any i dimensional k-subvariety lies in H et 2i (X, Q l ) G . We say that the Tate conjecture holds for X if H et 2 * (X, Q l ) G is spanned by these classes. Similarly using the comparison isomorphism H et * (X × C, Q l ) ∼ = H * (X, Q) ⊗ Q l it is possible to define absolute Hodge cycles in homology, and to formulate the absoluteness conjecture in general.
Proposition 5.3 (Jannsen [J] ). If char k = 0, the Tate conjecture holds for a kvariety U if it holds a desingularization of a compactification of U .
Lemma 5.4. Suppose that char k = 0. Let Z ⊂ X be a closed subset of a projective variety X, and let U = X − Z. The Tate conjecture (respectively the absoluteness conjecture) holds for X if it holds for U and Z.
Proof. There is an exact sequence of Galois modules 
Likewise by lemma 1.6, there is an exact sequence of absolute Hodge cycles
The rest of the argument proceeds exactly as in the proof of lemma 1.6.
From this lemma, we can deduce the analogue of corollary 1.7 the for Tate and Deligne conjectures when k has characteristic 0.
Lemma 5.5. Suppose char k = 0. Let f : X → Y be a morphism of smooth kvarieties which is a Zariski locally trivial fiber bundle with fiber F . Suppose that F is smooth and that H et * (F, Q l ) is spanned by algebraic cycles. Then the Tate (or absoluteness) conjecture holds for X if it holds for Y .
The proof of this is virtually identical to the proof of lemma 1.9 (the Leray-Hirsch theorem for etale cohomology can be deduced by the comparison theorem).
Milne [Mi, sect. 4] has proven a version of theorem 3.1 for Tate conjecture. We note a special case.
Proposition 5.6. If X is a polarized abelian variety over k such that the image of G is Zariski dense in GSp(H 1 et (X, Q l )), then the Tate conjecture holds for all powers of X.
Proof. In the terminology of [Mi] , the Zariski closure of the image of G is a subgroup of the Tate group which is contained in the Lefschetz group ⊆ GSp(H 1 et (X, Q l )). When equality holds, Tate's conjecture holds for X and its powers.
Corollary 5.7. If k is a number field and dim X is either odd or equal to 2 or 6 and End(X) = Z, then the Tate conjecture holds for all powers of X.
Proof. Under these conditions G is dense in GSp(H 1 (X)) by a theorem of Serre [Se, 2.28 ] (see also [C, 6.1] ).
Deligne [DMOS, I,II] has proven that the absoluteness conjecture holds for certain special classes of varieties.
Theorem 5.8 (Deligne) . Let X be an abelian variety, a product of K3 surfaces, or a product of Fermat hypersurfaces. Then the absoluteness conjecture holds.
Corollary 5.9. Let X be smooth projective curve, then the absoluteness conjecture holds for all powers of X.
Proof. The argument is similar to the proof of proposition 3.4.
The following is an analogue of theorem 4.1.
Theorem 5.10. Let X be a smooth projective curve over k, and let M = U X (n, d) with n and d coprime. Assume that either H 1 et (X, Q l ) is semisimple or char k = 0. Then the Tate conjecture holds for M if it holds for all powers of X. If k is an algebraically closed field of characteristic 0, then the absoluteness conjecture holds for M .
Proof. As in the proof of theorem 4.1, we get a morphism AB : ⊕ I H * et (X * , Q l )( * ) → H i et (M, Q l ) induced by the sum of the monomials in the Chern classes of the Poincaré bundle. Once surjectivity is established the result follows from lemma 5.1. Over C, the surjectivity is a consequence of a theorem of Atiyah-Bott [AB, 9.11 ] and the comparison theorem between between etale and ordinary cohomology. However, their argument is highly transcendental. Beauville [Be2] has given a purely algebraic proof of this theorem, and the argument even works in positive characteristic using etale cohomology.
Corollary 5.11. The Tate conjecture holds for M if the hypotheses of corollary 5.7 are satisfied for k and J(X).
Proof. As in the proof of proposition 3.4, one gets a surjection H * et (J(X) m ) → H * et (X m ). Lemma 5.1 implies the Tate conjecture for X m .
The proof of theorem 4.6 can be modified to yield:
Theorem 5.12. Suppose that char k = 0. Let X be a smooth projective surface such that all powers X m , with m ≤ n, satisfy the Tate conjecture (respectively the absoluteness conjecture). Then X [n] satisfies the Tate conjecture (respectively the absoluteness conjecture).
Corollary 5.13. Suppose that char k = 0. Let X be a smooth projective surface over k with Kodaira dimension κ(X) ≤ 0, then the absoluteness conjecture holds for X [n] for any n.
Proof. First note that when X is a product of P 1 and a smooth projective curve, the absoluteness conjecture holds for all powers of X by corollary 5.9 and lemma 5.5. Then arguing as in the proof of 3.8, we see that if there is a smooth projective surface Y , all of whose powers satisfy the absoluteness conjecture, and a dominant rational map Y X, then the absoluteness conjecture holds for all powers of X as well.
If X is a smooth surface of Kodaira dimension zero, it is a: 1. rational or ruled, 2. abelian or bielliptic, or 3. K3 or Enriques surface [Be1] . Then there exists a dominant map Y X where Y is a product of P 1 and curve in case 1, an abelian surface in case 2, or a K3 surface in case 3. This finishes the proof.
